Plasma properties inside a hydrogen-filled capillary discharge waveguide were modeled with dissipative magnetohydrodynamic simulations to enable analysis of capillaries of circular and square cross-sections implying that square capillaries can be used to guide circularly-symmetric laser beams. When the quasistationary stage of the discharge is reached, the plasma and temperature in the vicinity of the capillary axis has almost the same profile for both the circular and square capillaries. The effect of cross-section on the electron beam focusing properties were studied using the simulationderived magnetic field map. Particle tracking simulations showed only slight effects on the electron beam symmetry in the horizontal and diagonal directions for square capillary
I. INTRODUCTION
For several decades capillary discharges have been under intensive investigation due to various promising applications, such as waveguides for laser electron accelerators and X-ray lasers [1] [2] [3] [4] [5] , and more recently for focusing of electron beams [6] [7] [8] . The majority of the experiments use circular cross-section capillaries, which reduce the dimensionality of the problem under consideration, simplifying the theoretical and computer simulation studies, and allowing the use of 1D MHD codes [6, [8] [9] [10] [11] [12] . On the other hand, square cross-section capillaries, which have attracted substantially less attention, have several advantages for transverse plasma diagnostics [13] .
For optical waveguides, the transverse electron density profile determines the guiding properties. A useful parameter to describe the guiding property is the matched spot size of the channel, which in the low power limit is the beam size that will propagate without change in transverse dimension. For a Gaussian beam and a parabolic channel, the matched spot size is given by [9] : W m = (0.5πr e ∂ 2 n e /∂r 2 )
where n e is the electron density, and r e = e 2 /m e c 2 ≈ 2.817·10 −13 cm is the classical electron radius. The guiding density profile inside a hydrogen-filled capillary discharge waveguide was first simulated using 1D MHD simulations [9, 10] . Subsequently 2D simulations for capillaries of square cross-section [15] showed that for a capillary with transverse size 0.465 mm the matched spot size of the channel was 0.065 mm in the direction perpendicular to the capillary wall, and 0.066 mm in the diagonal of the square capillary. This result suggested that for this size of capillary, a square cross-section is suitable for guiding circularly-symmetric laser pulses. Furthermore it was found that for circular capillaries with diameter equal to the square capillary width, there was negligible change to the matched spot size. For capillaries of smaller transverse size, one would expect the cross-section to have a larger effect on the guiding properties.
In the present paper, square capillaries of width 500 µm and 250 µm are investigated. In addition the effect of cross-section shape on electron beam focusing properties is analyzed via the MHD-derived magnetic field profile, which determines the focusing strength and quality. One of the aims of our paper is to compare the plasma density and temperature distribution formed at the quasistationary stage of the discharge inside the hydrogen-filled capillaries with circular and square cross-sections under almost the same conditions characterizing the initial configurations and the external electric circuit.
II. SIMULATION CONFIGURATION AND PARAMETERS
We use MHD code MARPLE [14] for simulations of the capillary discharges with various cross-sections. The physical model implemented in the code is similar to the model formulated in [9] . The plasma is described within the framework of one-fluid, two-temperature (ion and electron) magnetohydrodynamics taking into account the dissipative processes as it follows. The model implements the electron and ion thermal conductivity, the electronion energy exchange, the magnetic field diffusion due to final electric conductivity, the Joule heating, and the radiation losses. The equation of state and dissipative coefficients incorporate the degree of the gas ionization.
Since the magnetic field lines penetrate through the interface between the discharge plasma and the insulator, it is required to calculate the magnetic field also inside the insulator domain. Due to this reason the simulation region comprises of two domains, namely, the internal domain filled by plasma (called the "plasma") and the external domain called the "insulator". To calculate the magnetic field evolution we solve the same MHD equations in the "plasma" and "insulator" regions. In contrast to the "plasma" domain, in the "insulator" region the medium is treated as immobile (v = 0) and with zero conductivity (σ = 0) fluid.
Two cross-section shapes of the capillaries were considered in our simulations: circular and square shapes, as shown in Fig. 1 . In the simulations we consider the capillaries with the diameter/size equal to d = 2r 0 = 500 and 250 µm, prefilled with pure hydrogen plasma of homogeneous initial (at t = 0) density equal to ρ 0 = 3.5·10 −6 g/cm 3 . Initially there is no current inside the channel and hence, in order to initiate the discharge, the hydrogen is assumed to be slightly ionized (T e = T i = 0.5 eV). The same temperature was set on the wall. The external passive insulator domain is of the radius equal to R = 500 µm. The discharges are driven by the same pulse of the electric current with approximately sinusoidal profile having the quarter-period of 180 ns and the peak current of 311 A. The simulation time is within the range, t ∈ [0, 250] ns. The chosen capillary, plasma and external electric circuit parameters correspond to those discharge parameters that are typical for experiments on laser wake-field electron acceleration for guiding ultrashort high power laser pulses (see Ref. [3] and literature cited therein). Figure 2 presents the electron density and temperature distributions for both circular and square capillaries at the same time t = 200 ns (20 ns after current has reached its maximum), when the quasistatic equilibrium stage of the discharge is reached. The results obtained for the circular cross-section capillary are in a good agreement with the experiments and simulations conducted previously (see [6, [8] [9] [10] [11] [12] ).
III. SIMULATION RESULTS
The time evolution of the electron density and temperature (taken at the dash line shown in Fig. 2 ) in the square cross-section capillary is presented in Fig. 3 and Fig. 4 , respectively. At about 200 ns a near parabolic temperature profile with the temperature maximum at the capillary axis is formed (Fig. 3) . The corresponding electron density distribution has a near-parabolic profile with the density minimum at the capillary axis (Fig. 4) . Fig. 2 (d) .
To compare the circular and square cross section capillaries, in Fig. 5 we show the distributions of magnetic field and current density inside the capillaries at 200 ns. Frames (a) and (b) in Fig. 5 correspond to the circular cross-section capillary, and frames (c) and (d) in the same figure show the magnetic field and current density distri- bution, respectively, inside square cross-section capillary.
As seen in Fig. 5 (c) , the magnetic field lines are not perfectly circular near the plasma-insulator interface for the square capillary. For the circular one the field lines are perfectly circular, as expected. We note that near the axis (r → 0) of the square capillary and near the external boundary of the insulator (r ≈ R) the magnetic field lines become almost circular. These indicate that the size of insulator region was chosen correctly. Fig. 2 (b) and (d), respectively) .
In the case of the square cross-section capillary, the values of the temperature (T e = 5.34 eV) and density (n e = 12.0 · 10 17 cm −3 ) at the capillary axis are lower than for the circular one (T e = 5.73 eV and n e = 13.1 · 10 17 cm −3 ) as seen in Fig. 6 . These differences are caused by differences in the geometry, in particular the electron temperature is lower because current density for the square capillary is less than for the circular one. However, general profiles of plasma and time-dependence of axial plasma parameters for the square capillary is quite similar to that of the circular one (see Fig. 7 ). Using these simulation results, we can approximate the electron density distribution in the vicinity (r ≤ 150 µm) of the capillary axis for the circular cross-section ( ) and square cross-section ( ) capillaries in the same way as it was done in Ref. [9] for a circular capillary. They read: (1) where ϕ is the azimuthal angle. The value of coefficient in front of (r/r 0 ) 2 -0.33 -for the circular capillary is coincide with the value obtained in Ref. [9] . We note here that the r 4 dependence of the transverse density distribution can in principle be detected by observing the laser centroid oscillations as it was proposed in Ref. [16] . The azimuthal inhomogeneity of the electron density near the axis of the square cross-section capillary is substantially weak, as indicated by the smallness of the coefficient in front of the cos 4ϕ term in Eq. (1). However the further from the axis, the more noticeable the effect of the cosine term becomes (see Fig. 8 ). To quantify such effect in the case of laser guiding, the matched spot size calculated according to Ref. [17] is shown in table I for the different capillaries in the horizontal and diagonal directions, as well as the matched spot size obtained from the analytical quasistationary model [9] :
For both the larger and smaller capillaries, the difference between the matched spot size calculated in the two directions is small, suggesting that even at diameter 250 µm, a square capillary is an effective waveguide for circularly-symmetric beams. For the electron beam focusing application of discharge capillaries, the focal length of the lens varies inversely with the magnetic field gradient and capillary length. For an ideal lens, the field gradient (and hence focal length) would be constant. For the analysis a factor of beam focusing 0.81 was applied to the magnetic field inside the circular capillary to keep the focal lengths the same and facilitate comparison. Fig. 9 shows the field gradient variation from on-axis value as a function of position for the parameters of Fig. 2 . One can see that the variations are similar for the circular and square capillaries, with the square capillary showing a lower variation along the diagonal. Field gradient (∂B r /∂r) variation(%) Figure 9 . Magnetic field gradient variation from the on-axis value inside the capillaries at t = 200 ns, when the quasistatic plasma equilibrium configuration is reached.
The effect on electron beam focusing of the differences in magnetic field gradient were studied using ELE-GANT simulations [18] . Electron beam parameters relevant to the LPA-based XUV FEL under construction at the BELLA center at LBNL were chosen [19] . The electron beam energy and source size were 300 MeV and 0.5 micron, respectively. The electron beam was taken to have no energy spread and the distance from the electron beam waist to the 15 mm-long capillary was 7 cm, providing a focal point approximately 1 m from the capillary exit. The emittance growth due to the field gradient variations of the plasma lens are shown in Fig. 10 , and as suggested by the field gradient variation, the difference between the circular and square capillaries is small. In both cases for a sufficiently small beam at the entrance of the capillary (r.m.s beam size 10% of the capillary radius), the emittance growth is negligible since the field gradient variation is small. As the beam fills a greater portion of the capillary, the emittance grows by approximately a factor of 3 when the r.m.s beam size is ≈ 20% of the capillary radius. The square capillary shows a slightly lower emittance growth due to lower field gradient variation along the diagonal. For higher divergence, the difference becomes less due to increased charge loss (percent level) at the entrance of the circular capillary.
IV. CONCLUSIONS
In conclusion, we have simulated the development of a hydrogen-filled capillary discharge with circular and square cross-sections under the same initial plasma density, capillary size, and the parameters of the external electric circuit. We have found that the calculated magnetic field, electron temperature, and density distribution in the near-axis region of the square and circular capillaries are similar. These results indicate that square capillaries, which allow greater diagnostic accessibility, can be employed to guide cylindrically symmetric laser pulses and focus electron beams. 
